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Abstract. We construct an ungraded CL-shellable poset and a graded
CL-shellable poset and show that neither is EL-shellable.
1 Introduction
Lexicographic shellability was introduced in the 1980s. Bjo¨rner defined EL-
shellability in [1], and proved a conjecture of Stanley’s that the existence of
a labeling, satisfying certain conditions, of the edges of the Hasse diagram of a
bounded, graded poset P shows that P is Cohen-Macaulay. Bjo¨rner and Wachs
defined in [2] the equivalent notions of CL-shellability and recursive atom or-
dering for a bounded, graded poset. They extended these notions to bounded,
non-graded posets in [3]. The theory of lexicographic shellability has been de-
veloped and applied by many authors, as one will see upon checking a list of
papers that refer to [2] and [3]. While every EL-shellable poset is CL-shellable,
the converse has remained open until now. In this paper, We present two ex-
amples where we show both ungraded and graded CL-shellable posets are not
necessarily EL-shellable.
Before we give the proofs, we introduce some definitions and theorems. We
recommend [2], [3], and [5] for readers unfamiliar with lexicographic shellability.
Definition 1 [5] For each face F of a simplicial complex ∆, let 〈F 〉 denote the
subcomplex generated by F . A simplicial complex ∆ is said to be shellable if its
facets can be arranged in linear order F1, F2, . . ., Ft such that the subcomplex(⋃k−1
i=1 〈Fi〉
)
∩〈Fk〉 is pure and (dimFk-1)-dimensional for all k= 2, . . ., t. Such
an ordering of facets is called a shelling. A poset P is shellable if its order complex
∆(P ) is shellable.
Shellability has been a very useful tool in topological combinatorics. Every
shellable complex has the homotopy type of a wedge of spheres, and we can find
the dimensions of the spheres given a shelling.
An edge-labeling of a bounded poset P is a map from the edge set of the
Hasse diagram of P to a label poset Λ. We call a saturated chain in P weakly
increasing if the edge-labeling is weakly increasing in Λ when we read the labels
up along the chain.
Definition 2 [5, Definition 3.2.1] Let P be a bounded poset. An edge-lexicographical
labeling (EL-labeling, for short) of P is an edge labeling such that in each closed
interval [x, y] of P , there is a unique weakly increasing maximal chain, which
lexicographically precedes all other maximal chains of [x, y].
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We call P EL-shellable if there is an EL-labeling of P .
Theorem 3 [5, Theorem 3.2.2] Denote by P the poset obtained from P by re-
moving 0ˆ and 1ˆ. Suppose P is a bounded poset with an EL-labeling. Then the
lexicographic order of the maximal chains of P is a shelling of ∆(P ). Moreover,
the corresponding order of the maximal chains of P is a shelling of ∆(P ).
For any closed interval [x, y], we call [x, y]r a rooted interval if r is a maximal
chain in [0ˆ, x]. A chain-edge labeling of a bounded poset is a map from the set
of all pairs (c, e) to the label poset Λ, where c is a maximal chain of P and e is
an edge in c, such that (c, e) and (c′, e) get the same label if c and c′ coincide
from 0ˆ to e. We obtain a label of a rooted edge er = [x, y]r, where x l y, from
the chain-edge label of (c, e), where c is a maximal chain containing r.
Definition 4 [5, Definition 3.3.1] Let P be a bounded poset. A chain-lexicographic
labeling (CL-labeling, for short) of P is a chain-edge labeling such that in each
closed rooted interval [x, y]r of P , there is a unique strictly increasing maxi-
mal chain, which lexicographically precedes all other maximal chains of [x, y]r.
A poset that admits a CL-labeling is said to be CL-shellable.
Clearly, EL-shellability implies CL-shellability. And they both imply shella-
bility.
Theorem 5 [2, Proposition 2.3] EL-shellability ⇒ CL-shellability ⇒ Shellabil-
ity.
Recursive atom ordering is defined in [2], where it is shown that the existence
of an Recursive atom ordering is equivalent to CL-shellability.
Definition 6 [5, Definition 4.2.1] A bounded poset P is said to admit a recur-
sive atom ordering if its length l(P ) is 1 or if l(P ) > 1 and there is an ordering
a1, a2, . . . , at of the atoms of P that satisfies:
1. For all j = 1, 2, . . . , t, the interval [aj , 1ˆ] admits a recursive atom ordering
in which the atoms of [aj , 1ˆ] that belong to [ai, 1ˆ] for some i < j come first.
2. For all i < j, if ai, aj < y then there is a k < j and an atom z of [aj , 1ˆ] such
that ak < z ≤ y.
A recursive coatom ordering is a recursive atom ordering of the dual poset P ∗.
Theorem 7 [5, Theorem 4.2.2] A bounded poset P is CL-shellable if and only
if P admits a recursive atom ordering.
In the next two sections we present two examples CL-shellable posets that
are not EL-shellable, one of which is ungraded and the other is graded.
2
2 Ungraded Example
We prove in this section that the Hasse diagram in figure 1 gives an example
of an ungraded CL-shellable poset that does not admit any EL-shellings. The
difference between CL-shellings and EL-shellings is that in a fixed interval [x, y],
CL-shellings allow different weakly increasing maximal chains of [x, y]r when we
consider different roots r, whereas an in EL-shelling, there is a unique weakly
increasing maximal chain in [x, y] that does not depend on roots. In terms of
recursive atom ordering, the difference is that the atom ordering above every
element can be different depending on roots for a CL-shelling, while an EL-
shelling induces a recursive atom ordering where the atom ordering above every
element is independent of roots (see Lemma 8).
We claim that the poset as in figure 1 admits a recursive atom ordering where
the atom order above each element, except at y, is independent of roots. And
the recursive atom ordering in [y, 1ˆ]r relies on which root we choose. That is, the
unique weakly increasing chain of [y, 1ˆ]r must be different when we consider the
root through a1 and the root through a6. This implies that this poset cannot
admit any EL-shelling.
Fig. 1. An ungraded CL-shellable poset with no EL-shelling
First we show that this poset admits a recursive atom ordering. Notice we
only need to consider every element of height at most 2 except y, because for any
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element z of height larger than 2 (or for y), every atom order of [z, 1ˆ] induces
a recursive atom ordering. We claim that listing from left to right, except at 0ˆ
where we list x first and then every atom from left to right, gives a recursive
atom ordering in every rooted interval.
For elements of height 2, notice from the diagram that di is above all atoms
of [bi, 1ˆ]. Therefore, every ordering of the atoms of [bi, 1ˆ] satisfies the second
condition in Definition 6. The recursive atom ordering in [x, 1ˆ] follows similar
arguments since for any two atoms bi and bj (i < j) of [x, 1ˆ], a height 4 element
above both atoms either covers a common atom of [bi, 1ˆ] and [bj , 1ˆ], or the
leftmost atom of [bj , 1ˆ], in which case that atom of [bj , 1ˆ] covers some previous
atoms above x. On the other hand, for elements ai of height 1, [y, 1ˆ] has an atom
that is above the other atoms of [ai, 1ˆ]. Finally at 0ˆ, both atoms above ai cover
x for i ∈ [6], and every element of height at least 2 is above x. Hence this poset
admits a recursive atom ordering.
We state and prove a short lemma before finishing the proof.
Lemma 8 An EL-shelling induces a recursive atom ordering in which the or-
dering of atoms above a given element does not depend on roots.
Proof. First notice that any EL-shelling can be viewed as a CL-shelling where
edge labels are independent of roots. By Theorem 7, a CL-shelling induces a
recursive atom ordering in which the ordering of atoms above a given element
with root r is consistent with those edge labels with root r. That is, if for a fixed
linear extension, the label of [x, y] precedes the label of [x, y′], where y and y′
both cover x, then y precedes y′ in the atom ordering of x. Therefore if we start
with an EL-shelling, the ordering of atoms above a given element in the induced
recursive atom ordering does not depend on how one reached that elements from
elements below it. uunionsq
Suppose we have an EL-shelling of the poset given in Figure 1. In the interval
[y, 1ˆ], there is an atom above y that gives the unique increasing chain of that
interval. It is independent of roots. Assume this atom is among d1, d2 and d3.
Consider the root of y passing through a6. Notice that y is the second atom
in its recursive atom ordering. So the atom above y that comes first along this
root must be among d4, d5 and d6. This contradicts the assumption. If we now
assume the atom that gives the unique increasing chain of [y, 1ˆ] were among d4,
d5 and d6, the root of y through a1 gives a similar contradiction. Hence this
poset cannot be EL-shellable.
3 Graded Example
We present in this section a graded poset that is CL-shellable but not EL-
shellable.
The construction is based on a shellable but not extendably shellable com-
plex exhibited by Hachimori. In [4], Hachimori constructed a shellable simplicial
complex where the facet 134 comes last in every shelling of the complex (See
Figure 2 below). By theorem 4.3 in [2], the dual of the face lattice of Hachimori’s
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complex admits a recursive atom ordering. We will build a CL-shellable com-
plex based on this poset, and we will show that the weakly increasing chain in
[134, 1ˆ]r must be different for r passing through 0ˆa and 0ˆd. Therefore this poset
cannot be EL-shellable.
Fig. 2. Dual of the face lattice of Hachimori’s complex
Let us start with four copies of the dual of the face poset of Hachimori’s
complex. For convenience, we call them posets A, B, C, and D and use ya or
yb when refering to y in A or B and so on. We build a new poset P by first
identifying all four copies of 134 and 1ˆ in A, B, C and D, and then attaching
a 0ˆ to the bottom. Next we add a new element, call it x, which sits below all
facet elements and above 0ˆ. So x has rank 1. Finally we add an edge in the Hasse
diagram between every pair of elements yi and zj if y and z represent non-empty
faces in Hachimori’s complex with y a facet of z, and if i and j are consecutive
in the lexicographic order. That is to say, for example, yb covers za, zb and zc
whenever y is a facet of z, but yb does not cover zd, whereas ya covers za, zb, but
not zc or zd. We claim that P admits a recursive atom ordering, and P admits
no EL-shellings. Notice that P is a graded poset of rank 5 with four copies of
each element in the Hachimori’s lattice except 134 and 1ˆ.
Now we show that P admits a recursive atom ordering. Fix a shelling order
of the Hachimori’s complex and a recursive coatom ordering of its face lattice
induced by the shelling. Then each of A, B, C and D comes with a natural
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recursive atom ordering, from which we will build the recursive atom ordering
of P .
Suppose there is a recursive atom ordering of each [0ˆi, 1ˆ] and [x, 1ˆ]. Let the
atom order for [0ˆ, 1ˆ] be x→ 0ˆa→ 0ˆb→ 0ˆc→ 0ˆd, since every atom of each 0ˆi covers
x, this induces a recursive atom ordering on [0ˆ, 1ˆ].
Suppose there is a recursive atom ordering in each of [Fi, 1ˆ], where F is a
facet. Let the shelling order of Hachimori’s complex be the atom order for [0ˆi.1ˆ].
If an element y with index i is above two atoms of 0ˆi, the recursive atom ordering
of Hachimori’s complex gives the existence of the element z, with index i, that
satisfies the second condition in Definition 6. If the index of y is not i, z with
index i− 1 or i+ 1 satisfies the second condition in Definition 6.
For [x, 1ˆ], we consider the following atom ordering:
First facet with index a in the shelling order
⇓
First facet with index b in the shelling order
⇓
First facet with index c in the shelling order
⇓
First facet with index d in the shelling order
⇓
Second facet with index a in the shelling order
⇓
Second facet with index b in the shelling order
⇓
...
⇓
134
For any two atoms yi, zj of x, the case where y=z is obvious by construction.
If y is prior to z in the shelling of Hachimori’s complex, we have the following
situations:
1. If i and j are a and d, an element above both yi and zj must be rank 4 with
index b or c. We can find an atom of zj with index c below this element such
that it covers some previous atoms of x.
2. If i and j are a and c, an element above both yi and zj is rank 4 with index
a, b or c, or is rank 3 with index b. In both cases we can find an atom of
zj with index b below this element (or it is the element in the rank 3 case),
such that it covers some previous atoms of x.
3. If i and j are a and b, or i = j, we can find an appropriate atom of zj with
index i similarly. And all other cases are equivalent to one of the above.
For rooted intervals [Fi, 1ˆ]i through 0ˆi, where F is a facet in Hachimori’s
complex, the following atom order gives recursive atom ordering:
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Atoms with i-indices which cover facets prior to F
⇓
Atoms with j-indices which cover facets prior to F , where j and i are
consecutive letters
⇓
Atoms with i-indices which do not cover facets prior to F
⇓
All other atoms
For rooted intervals [Fa, 1ˆ]x through x, where F is a facet in Hachimori’s
complex, the following atom order gives recursive atom ordering:
Atoms with a-indices which cover facets prior to F
⇓
Atoms with b-indices which cover facets prior to F
⇓
Atoms with a-indices which do not cover facets prior to F
⇓
Atoms with b-indices which do not cover facets prior to F
For rooted intervals [Fi, 1ˆ]x through x where i 6= a and F is a facet in
Hachimori’s complex, the following atom order gives recursive atom ordering:
Atoms with i− 1-indices which cover facets prior to F
⇓
Atoms with i-indices which cover facets prior to F
⇓
Atoms with i+ 1-indices (if they exist) which cover facets prior to F
⇓
Atoms with i+ 1-indices (if they exist) which do not cover facets prior to F
⇓
All other atoms
Notice that we can break ties arbitrarily in the process described above be-
cause Hachimori’s complex is a simplicial complex.
As for rooted intervals [134, 1ˆ]i, we can still follow those steps except i stands
for the index of 0ˆi (root).
For the rooted interval [134, 1ˆ]x through x, we order the atoms as: 14a →
34a → 14b → 34b → . . .→ 34d → 13a → . . .→ 13d
For the remaining elements z, the length of [z, 1ˆ] is at most two, hence every
atom order induces a recursive atom ordering. We have shown that P admits a
recursive atom ordering.
Consider the interval [134, 1ˆ]. It is a rank 3 interval with 12 atoms. Suppose
P admits an EL-shelling, where the unique increasing chain in this interval goes
through one of 13a, 14a, 34a or 13b, 14b, 34b. Consider the root of 134 through
0ˆd. None of the six atoms with a or b-indices cover any atoms of 0ˆd other than
134, whereas each of the six atoms with c or d-indices cover some atoms of 0ˆd
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other than 134. Since 134 is last in any recursive atom ordering, every atom of
134 with c or d-indices must be prior to every atom with a or b-indices, and
we have a contradiction. Similarly we can get a contradiction by assuming the
EL-shelling implies one of the atoms with d-indices being increasing chain and
take the root through 0ˆa. Hence P cannot be EL-shellable.
Remark
Notice that both examples in this paper require particular models to begin with.
That is, a CL-shellable poset in which there exists two atoms a and b such that
a is prior to b in every recursive atom ordering. We used the poset consisting
of a 3-chain and a 2-chain (a pentagon in the Hasse diagram) in the ungraded
example and the dual of the face lattice of Hachimori’s complex in the graded
example, both of which have an atom that must come last in any recursive atom
ordering. It remains open whether one can construct a CL-shellable but not EL-
shellable poset such that for any element e and any two atoms a, b of e, there
exists two recursive atom orderings on [e, 1ˆ] where a is prior to b in one and b is
prior to a in the other.
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